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A general functional separation solution, containing two arbitrary functions, is first obtained for
the Melnikov equation by means of the singular manifold method. Some novel localized coherent
structures are given by appropriately choosing these arbitrary functions, whose interaction properties
are numerically studied. The creation and annihilation phenomenon of dromion structure is reported.
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1. Introduction
The Melnikov equation [1]
ik +Ux+w=0, w+w+(u®x=0 (1)

is similar to the integrable Zakharov equation in
plasma physics to describe the behavior of sonic Lang-
muir solitons which are Langmuir oscillations trapped
in regions of reduced plasma density caused by the
ponderomotive force due to a high-frequency field
[when x =y in (1)] [2]. The integrability of (1) has
been checked by Porsezian [3]. A series of periodic
wave solutions in terms of polynomial of Jacobi elliptic
functions are also reported [4]. However, (1) possesses
many interesting solution structures which have not yet
been found. In this paper, using the singular manifold
method [5-8], we obtain a general functional separa-
tion solution of (1) containing two arbitrary functions.
By appropriately choosing them, one may get many in-
teresting solution structures. The interaction properties
of new types of localized coherent structures are nu-
merically studied. The creation and annihilation phe-
nomenon of dromion structure is reported.

2. General Functional Separation Solution of (1)

To explore the singular structure of (1), we
rewrite (1) byu=qand u* =r:

i+ 0 +aqv=0, —irg+rg+rv=0,

Vi +Vw+(ar)x =0,

where asterisk stands for the complex conjugation.
Truncating the Laurent series of the solution of (2) at
the constant level term, one has

q=¢ to+0a,
r=¢ tro+ry, @)
V=0V + ¢ i+,

where ¢ = ¢(X,y,t) is the singular manifold (real func-

tion), qi, r1 and v, are the seed solutions of (2). For
simplicity, we take the seed solutions as:

=0, r1=0, va=w(Xxn), 4

where vo(x,m1) with n = y—t is an arbitrary function
of indicated variables. Substituting (3) and (4) into (2)
and equating the coefficients of like powers of ¢ to
zero yields

2(P3C]0 +govo =0, 2(p)%l'0 +rovo =0,
OV + QyVo + @xGoro = 0,
—i¢:Go — Pxx¥lo — 2xTox + dova = 0,

IQtro — @xlo — 2¢xFox + MoV =0, (6)
Vot — @tV1 — QyV1 + Voy + (Cofo)x = 0,

i0ot + Coxx + Qov2 =0,

()

—irgt + roxx + rove = 0, O
Vit +Viy = 0.

It follows from (5) that
Vo =—20%, Goro = 2¢x(¢ + @y). 8)

From (6), using (8), one gets
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ro= G(y,t)exp[%/ (iﬂ+% _ et y)

Ox Px P+ oy

where F and G are the functions of integration. The
substitution of the first equation of (9) into the last
of (7) yields the singular manifold equation

(@ + @) (@ + Oxy)> — (Pot + Proy) (@1 + @y)]

+Ox[(Pxt + 201 + Pryy) (91 + @) (10)
— (@ + @) (Pt + 20 + yy)] =0,
which has a special general solution
o= f(X7y—t)+g(y,t), (11)

where f and g are arbitrary functions of indicated vari-
ables. Substituting the last two equations of (9) into the
first two of (7), we obtain

R=G =G =0,

V2=73 f2 412

(12)

It follows from the relation of qg and ro, i. e. (8) and (9),
that FG = 2fxgy/| fx|. Thus, we obtain a general func-
tional separation solution of (2):

_F 1 Sy
q_—f+gexp [§/<|f—x+f—x)dx],

G 1 I PR %

r_—f+gexp[§/<—|f—x+f—x>dx], (13)
vo o 2 e
T (o7 v

where F =F(y), G=G(y), g=g(y) and f = f(x,n)
with 1 = y—t are arbitrary functions of indicated vari-

ables with FG = 2fygy /| fx|, and v» is given by the last
equation of (12).

3. Novel Solution Structuresof (1)

Taking into account our notation in (2), i.e. g=u
and r = u*, we have g=r* as far as (1) is concerned.
Using this condition in (13), we obtain

||:|2 = 2fxay/| |- (14)
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Therefore, from the results of the previous section, we
find that the most important physical quantity |u|? of
the original equation (1) takes the form

21xg
2 xYy
= . 15
|u F+a7 (15)

Itis worth to note that although the functions f (x,y—t)
and g(y) in formula (15) are arbitrary, fxgy > 0 is ow-
ing to the condition (14). It is due to the arbitrariness
of functions f and g that one may obtain a diversity
of solution structures by appropriately choosing them
in (15). Several interesting cases are considered as ex-
amples in what follows.

Case 1. f = exp[tanh(kx) + I1(y —t)], g =
exp[tanh(l2y)] + A
In this case, from (15), we have solution
|u? = 2kl zexptanh(kx) 4 tanh(l2y) + 11 (y — t)]
- sech? (kx)sech?(
(kq)sech? (l2y) 16)

- (exp[tanh(kx) + I1(y —t)]
+ exp[tanh(ly)] + A) 2,

where k, 11, |, and A are arbitrary constants, which
demand kl, > 0. (16) is a dromion solution. The evo-
lution process is depicted in Fig. 1 with the parameters
k=1,1;=11l,=1, A=1landt=-5 -2, 0, 2, 5,
respectively. From the figures, one can easily see the
process of creation and annihilation of the dromion.

Case2. f =tanh[kix+I1(y—1)] + tanh[kox+1,(y—
t)] = tanh&; + tanh&,, g=tanh(ly) + A.
It follows from (15) that

up = 2l (kysech?&; + kpsech?&; )sech?(ly)
[tanh&y + tanh&, + tanh(ly) +AJ? °

an

where ki >0, | > 0, I; and A > 3 are arbitrary con-
stants. These statements are valid for all the following
equations, unless otherwise explained. (17) is a two-
dromion-like structure. The interaction is nonelastic,
and its details are shown in Fig. 2, with the parameter
values k; = 1, ko =2, I, = 1, I, = -1, | = 1, A=4,
andt = —5, 0, 5, respectively.
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Fig. 2. The evolution graphs of (17).

Fig. 3. The evolution graphs of (21).

which is also a two-dromion-like structure. Its evolution graphs are similar to those in Fig. 2 and thus omitted.
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Cased. f =exp(n1)+exp(n2), g=exp(n)+A.
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The formula (15) gives another two-dromion-like solution

U = 21 [kyexp(n1)sech?&; + koexp(n2)sech?&;]exp()sech?(ly)
[exp(n1) +exp(n2) +exp(n) + A2 ’

(19)

The interaction is also nonelastic, and the graphs of evolution are similar to Fig. 2.

Caseb. f = arctann +arctanny, g = arctann +A.
It follows from (15) that

P = 21[k1 (1 + n?)~tsech?&y + ko (1 4+ n3)~tsech?&y]sech?(ly)
- (1+ n?)[arctanny + arctann, + arctann + AJ2

; (20)

which is still a two-dromion-like structure with the same interaction property as (17).

Case6. f =tanh3£; +tanh3&;, g =tanh®(ly) +A.

In this case, we have the multi-solitary wave excitation

2 _ 18I (kstanh?&ysech®E; + kotanh? Epsech?&, )tanh? (ly)sech?(1y)

ul

tanh®&; + tanh3&; + tanh3(ly) + AJ2

; (21)

whose interaction property is illustrated in Fig. 3 with the same parameters as those of Fig. 2. It is found that the

interaction of two group solitary waves is nonelastic.
4. Conclusion and Discussion

Using the singular manifold method, we obtain a
general functional separation solution, which contains
two lower-dimensional arbitrary functions, for the
Melnikov equation. By choosing appropriately these
arbitrary functions, some novel solutions to the equa-
tion of interest are given. The interaction properties
of them are numerically studied, and it is found that
they are all nonelastic. Due to the arbitrariness of func-
tions f and g in (15), one may obtain a diversity of
novel structures of the solution for (1). Six cases are
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